This article is concerned with a generalisation of Connes' noncommutative framework. This is achieved by a general study of spectral triples, in particular through an analysis of the role played by the Dirac operator. The Dirac operator is used to construct a generalised covariant derivative, which is then employed to define a generalised spacetime. The spectral action is then modified to accommodate this generalisation and it is observed that in the appropriate limit, Connes' spectral action is recovered.
I. INTRODUCTION
The application of geometry to describe physical phenomena and thus achieve a geometrical foundation for theoretical physics is a means to ensure a purely axiomatic formulation of the mathematical descriptions of the phenomena seen in nature. Geometry, being of a very intuitive nature, affords to us a means to extend our intuitions of the world to a more solid foundation built upon mathematics.
The earliest development of this kind is that of Euclid and his geometry of flat spaces. The Euclidean geometrical apparatus provides a firm grounding for many of the principles of classical mechanics. Basic notions of distance and displacement, for example, can be formulated using the familiar Euclidean distance formula, whose two-dimensional version coincides with the Pythagorean theorem. The vector analysis upon which classical mechanics rests can be formulated on a three dimensional Euclidean space R 3 . Formulating the theory of special relativity 11 in a mathematically rigorous fashion has been made feasible after Minkowski indroduced his notion of a four-dimensional manifold, now called Minkowski space, wherein the a formal equivalence between space and time coordinates is achieved. Even so, this space does not have any curvature, and the distances between any two points are still calculated, through the generalised Euclidean formula.
The general principle of relativity, the idea that physical laws are invariant under any arbitrary transformation of co-ordinates is given validity only under the framework offered by Riemannian geometry, a geometry which allows the manifold to possess a curvature. This curvature of space however, if interpreted as the origin of gravity, offers a purely geometric view of this phenomenon, and this proposition forms the basis of general relativity 4 . In the following paper, we attempt to construct a geometrical theory using the noncommutative geometry developed by Alain Connes 2 to extend Riemannian geometry into a more general metric framework and use this system to achieve a geometric interpretation of gravity, gauge interactions, the Higgs field and matter fields.
II. THE GEOMETRY OF GENERAL RELATIVITY
A Riemannian manifold, described by an ordered pair (M.g), where M is a smooth manifold equipped with a Riemannian metric g which satisfies properties of positive definiteness a) Electronic mail: nikhilkaly@cmi.ac.in and non-degeneracy. The metric tensor, described by a symmetric matrix, is used to define the infinitesimal distance using the following formula,
The inverse of the above metric tensor g µν is the contravariant metric g µν . The Einstein-Hilbert action, the action for general relativity is then defined as,
In the above Lagrangian, gravitational dynamics are assumed to be encapsulated in the Ricci scalar. Here L M is the collective Lagrangian of all matter and energy fields, κ is a constant and g is the determinant of the metric. Taking the variation with respect to g µν , we obtain the Einstein field equations as,
where T µν , the stress-energy tensor is given by,
The Einstein field equation allows us to envision gravity as the geometric curvature of space and time, caused by the presence of matter and energy. By making a change to the Einstein field equations, of the form,
where γ 0 is the vacuum energy, a constant value, the Einstein field equations obtain a term contributing to the curvature of space on account of the energy of the vacuum.
General relativity allows us to make co-ordinates superfluous inasmuch as their physical interpretations are concerned.
III. NONCOMMUTATIVE GEOMETRY

A. Spectral Triples
The basic information and data regarding a non-commutative space, as has been developed by Alain Connes have been enshrined in what is known as a spectral triple. A spectral triple is an ordered triplet (A, D, H). A is an algebra of operators on the Hilbert space A spectral triple has a Dirac operator D which in the commutative case, which will be elaborated upon later, is of the form,
where ω µ is the spin connection and D Y is given by,
where Y is a Yukawa coupling matrix. A Riemannian metric is defined on the space through the following heuristic definition,
where g µν is a positive definite matrix. The above definition of the line element is important for two reasons. The first reason is that it heuristically determines the metric used to define distances on the space. The second has to do with the quantum nature of fermions. According to the identity for Grassmannian spinors ψ,
we see that the propagator for the fermions of the space acts as the line element. This draws a relation between the spinors and spacetime.
Apart from the earlier definition of the spectral triple, there is an addendum to the definition that must be elaborated upon. If the Hilbert space is endowed with a Z modulo 2 grading γ having the following properties,
B. Inner Fluctuations and The Dirac Operator
If the algebra of operators on the Hilbert space is taken to be non-commutative, it admits natural internal fluctuations which give rise to the gauge bosons and the Higgs field of the Standard Model when appropriate choices for A and D F are made. For the Standard Model, we have for A,
where C ∞ (M ) is the algebra of smooth functions on M , C is the set of complex numbers, M 3 (C) is the set of 3 × 3 matrices on C and H is the algebra of quaternions,
The inner fluctuations of the algebra A parametrise the gauge bosons and the Higgs field as we shall soon see. The inner fluctuations A are elements of the set Ω
The Dirac operator, currently possessing only terms that allow the fermions to be coupled to gravity, must be perturbed in order to allow for coupling with the gauge fields as well. The Dirac operator is thus perturbed according to the formula,
Since the Dirac operator splits into a sum of two parts / ∂ M and D Y , A also splits into a discrete part A 0,1 and a continuous A 1,0 . The discrete part is obtained by the computation
and the continuous part is obtained by the computation,
The Yukawa operator D Y is given by,
where k u , k d and k e are Yukawa matrices for the up quark family, down quark family and electron family respectively, with the generations contained in the operators itself.
Under the algebra chosen, and choosing a = (λ, q, m) and b = λ ′ , q ′ , m ′ , we obtain an U (1) field Λ, an SU (2) field Q and an U (3) field V according to,
A gauge potential A is said to be unimodular iff Tr(A) vanishes. In our case, by imposing the unimodularity condition, Q identically vanishes, giving us,
This in turn gives us, Tr(V ) = −Λ which we can write as a sum,
where V ′ is an SU (3) gauge potential. The discrete fluctuations A 0,1 are however parametrised by quaternion valued functions H and H * , the computation of which is given in Section 3.5.1 and Proposition 3.5 in 8 . Connes makes the identifications of the U (1) field Λ, SU (2) field Q and the SU (3) field V ′ with gauge boson fields as follows,
where B µ is the weak hypercharge field, W µ is the W boson field and A µ is the gluon field. σ a and T a are the Pauli matrices and Gell-Mann matrices respectively while g 1 , g 2 and g 3 are the coupling constants for the weak hypercharge, W boson and gluon fields respectively, and are fixed at unification.
The Hilbert space H is given by the product H = L 2 (M, S) ⊗ H F , where H F is given a basis labelled by the elementary quarks,
As per the proof of Proposition 3.9 in 8 and the computation done in Section 3 of 1 , the Dirac operators for the quarks and leptons are obtained as,
where the covariant gravitational Dirac operator D µ is given by,
The formula for the Standard Model gravitational action is given by the spectral action. The spectral action is a sum of the spectral trace of the Dirac operator and the fermionic action, which is obtained by the operating of the Dirac operator on the Hilbert space basis. The spectral action is given by,
where f is a cutoff function and m 2 0 is a suitable unification scale, such that higher powers of the trace are suppressed by higer powers of m 2 0 . The heat kernel trace of the above formula is given by the asymptotic expansion, Tr (f (P )) = n f n−4 a n (P ) (3.16) where the f n are given by,
and the a n are known as the Seeley-DeWitt coefficients. In the above formula, due to the high value of m 2 0 , only the first three coefficients need be considered, as the higher coefficients are suppressed by the higher powers of the energy scale. The bosonic part of the action may thus be given by,
The odd coeffecients vanish for the case where the manifold has no boundary. For a general Laplacian operator of the form,
where ∇ = ∂ + ω ′ the first three coefficients are given by,
where ω ′ µν is the curvature of ω ′ . By computing the Heat kernel trace for the Dirac operator as has been done in the appendix of 1 , the bosonic action, which is given by the heat kernel trace of the square of the Dirac operator D upto an energy scale is obtained as,
where,
With the derivation of the above bosonic action, the formulation of non-commutative geometry as a mathematical artifice and it's application in particle physics is essentially complete. The use of non-commutative geometry in physics as a unifying link between gravity and the Standard Model is thus a purely geometric approach to achieving a true unified field theory, which must be thought of as an ingenious achievement by Alain Connes as far as the unification of physics is concerned.
In the next section, we attempt to extend the noncommutative framework developed by Alain Connes into a new metric geometry, through the introduction of a new definition of the metric tensor, and in the process, attempt to develop gravity, gauge potentials, the Higgs boson and fermions as aspects of the curvature of spacetime.
IV. THE THEORY OF GEOMETRODYNAMICS A. The generalised Derivative
Before we proceed to define a new metric to build a foundation for a general geometry upon, we will consider a general type of derivative, particularly a covariant derivative and it's ramifications. Consider a general type of covariant derivative of the form,
where A µ is a gauge field obtained from the information afforded to us by a spectral triple, the dx µ are dimensionless unit vectors, g is a coupling constant, χ is matrix valued and α is a constant. Φ is given by,
where H is a Higgs field and c is a constant. By writing the above covariant derivative in the form,
we define it's curvature as,
For the above covariant derivative, we obtain the curvature as,
where R is the Riemann curvature tensor. The squared curvature is then obtained by,
where η is a parameter defined by,
Having worked out the ramifications of a general covariant derivative whose form is given in (4.23), we are now in a position to define a new form of a derivative, known as a generalised derivative. The generalised derivative is constructed out of the data obtained through the definition of a spectral triple.
The spin connection is defined in a spectral triple through the heuristic definition of the Riemannian metric as has been given in equation (3.2). The gauge fields are parametrised by the continuous inner fluctuations A 1,0 obtained as the continuous part of the inner fluctuations of the metric. The discrete part A 0,1 of the inner fluctuations is parametrised by quaternion valued functions H and H * which can be though of as the Higgs field. We thus construct the generalised derivative through the formula,
where α and c are constants while χ is matrix valued. By parametrising A 1,0 such that it physically represents a gauge field, we are able to construct a yang-Mills Lagrangian by taking it's exterior covariant derivative. We do this by setting,
where A µ is a gauge boson field. By using the above parametrisation and finding the square of the gauge curvature, we obtain the Lagrangian as,
Using constants N R , N D and N H , we reparametrise the above Lagrangian to obtain,
The generalised derivative, purely constructed from the data afforded to us by the definition of a spectral triple, gives a curvature which completely determines the dynamics of gravitation, gauge interactions and the Higgs field, thus giving us a unified bosonic action.
B. The Generalised Space
In order to develop and describe a new metric geometry, we must define a few terminologies and primitive notions. The most important of these is what we will call a generalised space, which is described by an ordered pair (C, γ), where C is a spectral triple and γ is a generalised metric, which is not to be confused with the Z modulo 2 grading we described earlier.
The properties and ramifications of the spectral triple have been described earlier. So, we will now describe the properties of the generalised metric, which as we shall soon see, will play a role in our new geometry which is quite analogous to that played by the Riemannian metric in Riemannian geometry.
To develop the idea of the generalised metric, we will first look at the relationship between the metric in Riemannian geometry and the veilbein. The veilbein e a µ may be thought of as the square root of the metric tensor and is given by the general formula,
Using the veilbein, we may transform tensors to act along curved space or flat space coordinates. This allows an easy transformation between the two otherwise distinct physical systems.
The
As a compatibility condition, we require that the Riemannian covariant derivative, described using the Christoffel symbols, must vanish. This gives us the compatibility condition as, Contracting with σ ab , we have,
By making the substitution e a µ , ω µ → E a µ , A µ we have,
Solving for E a µ , the veilbein of A µ , we obtain a means to transform between a flat space co-ordinate system and a co-ordinate system wherein the spin connection, ie, the curvature connection of the manifold is A µ . we define the generalised metric γ µν as,
This new definition of a metric completely geometrises the bosonic mechanics described in the previous sections. The generalised Riemann curvature constructed out of this metric will now contain the Riemann curvature tensor of general relativity, the Yang-Mills field strength tensor and the Higgs boson dynamics.
The new generalised metric is very important inasmuch as the nature covariance and contravariance is concerned. While in standard Riemannian geometry, indices are lowered and raised using the metric tensor, in the new geometry, this is done using the generalised metric. The inverse of the generalised metric γ µν is used to raise indices while the covariant generalised metric γ µν is used to lower indices.
The new metric tensor will also make imperative the amending of several other laws and relations as far a geometry is concerned. For example, consider the relationship between the gamma matrices γ µ and the metric tensor g µν ,
In place of this law, we must now define new Dirac matrices Γ µ and introduce an analogous relationship between them and the generalised metric γ µν . This relationship will be given by,
In Riemannian geometry, the volume of a given region of space is obtained by the integration of the volume form, i.e, the root of the negative of the metric determinant g times the infinitesimal volume. This is given by, 
C. Generalised Spaces as Generalised Riemannian Spaces
The new definition of the metric tensor allows us to re-evaluate the geometrical system offered to us by the mathematical apparatus of general relativity. We are now in a suitable position to expand upon the traditional Riemannian geometry of general relativity into the aforementioned generalised metric geometry. Since the dynamics of gauge fields, the Higgs field and gravity are contained in the Riemann curvature of the generalised metric, we can interpret the curvature of a space endowed with the generalised metric as these fields. Having made this observations, we will proceed onto our proposed generalisation of Riemannian geometry.
The cornerstone of Riemannian geometry is the line element, which is used to define the notion of distance using the metric tensor, which acts as a suitable generalisation of the flat space Euclidean distance to curved spaces. This serves as an adequate description of the infinitesimal distance for spaces with only gravitational curvature, but for our new generalisation, we replace the Riemannian distance formula with,
The above formula allows us to recover the ordinary Riemannian distance formula if we make some specific simplyfying assumptions. Under the limit that A µ reduces to ω µ , that is, the space is purely of a gravitational nature, then, the generalised metric γ µν obviously reduces to the Riemannian metric g µν . Under this assumption, the above formula reduces to it's Riemannian counterpart.
The equations of a material particle moving along geodesics of this newly constructed space can be easily obtained by taking the extremum of the differential distance. To do this, we set,
By carrying out a standard calculation, we derive a generalised geodesic equation. The generalised geodesic equation is first order in the derivatives of the generalised metric and gives to us an expression which governs how particles move under the influence of the various fields on the manifold. The generalised geodesic equation takes the form,
where the generalised Christoffel symbols of the second kind are given by a formula analogous to that of the Christoffel symbols of the second kind in Riemannian geometry, written as,
Since in the Riemannian approximation, the generalised metric reduces to the Riemannian metric, the generalised Christoffel symbols reduce to the Riemann-Christoffel symbols at this limit as well. Hence, when the spin connection of the space co-incides with the Riemannian spin connection, the generalised geodesic equation reduces to the gravitational geodesic equation.
The generalised Riemann curvature is obtained by using an analogue of the formula used in Riemannian geometry. In terms of the generalised Christoffel symbols, the generalised Riemann curvature is obtained as,
The Ricci curvature and Ricci scalar are obtained by suitable contractions of the Riemann curvature. It is also necessary to note a specific choice of the co-ordinate system. Since the γ µν are purely geometric quantities, the components of the generalised metric are dependent solely on the choice of the co-ordinate system. As a result, it is possible to choose a system of co-ordinates which give the following results,
Under these conditions, the Ricci curvature is obtained as a simple expression,
D. A Universal Action and Hamilton's Principle
The spectral action developed by Alain Connes encapsulates the dynamics of all fundamental interactions and fermions. Having developed a new metric geometry which encodes the same information in a purely geometric framework and allows for an interpretation of such phenomena as a manifestation of the curvature of the chosen manifold, we can proceed to geometrise the spectral action.
As defined earlier, we have a general operator on the manifold, which encodes the properties of gravity, gauge ptentials and the Higgs field, which are all obtained from the data contained in the definition of a spectral triple. This general operator, when squared, is given by,
where A, the collection of all the aforementioned fields is not to be confused with the algebra of co-ordinates that is contained in the spectral triple. As mentioned earlier, for a general operator P of the form,
We can define the heat kernel functional, for a suitable function f and a suitably high cutoff value Λ 2 E , as a sum of three terms, with the successive terms being effectively cancelled out by higher powers of the energy scale. This is given by,
where the co-efficients f n are as given in Section 2 and the heat kernel co-efficients a 0 , a 2 and a 4 are given by,
In our theory, E is chosen to be zero and thus, the operator P simply reduces to the square of the generalised derivative. The heat kernel expansion for this then becomes,
where λ 0 is the constant obtained as a result of the reparametrisation of the Lagrangian as done in (3.6).
The above action can be written more succintly as,
where we have set,
Thus, we have constructed the bosonic action purely out of the definition of the heat kernel, the geometrical apparatus and the information contained in the spectral triple. The complete action is now given by,
Using Hamilton's principle, we can obtain a general field equation describing our system. According to Hamilton's principle,
This gives us a set of ten partial-differential field equations to govern our system. Upon carrying out the variation, we obtain the general field equations,
We obtain the variations as,
These variations when substituted into the total variation give us the field equations as, Having defined the mathematics and the broad gemoetrical apparatus upon which we hope to derive the formulation of general relativity and the Standard Model, we will proceed to do so by using the data we have obtained earlier through the theory of spectral triples.
The generalised derivative for the gravitational Standard Model is given by,
here, H is a quaternion valued function, which we identify as the Higgs field and parametrises the discrete internal fluctuations. The continuous part A 1,0 of the inner fluctuations is parametrised by a U (1) field Λ, an SU (2) field Q and a U (3) field V .
The curvature of this derivative will be given by,
First, we will compute the curvature of the purely gauge bosonic part of the covariant derivative. The gauge potential as given earlier by the definition will be given by,
For the U (3) field however, on account of the earlier relation,
we obtain a relation between the U (3) gauge curvature and that of the SU (3) and U (1) fields,
By calculating the square of the above curvature, we obtain,
By using the following relations,
The relation becomes the sum of the gauge curvatures of the gluon field and the weak hypercharge field, with certain coefficients, as given by,
The SU (2) part Q of the inner fluctuations is also used to define the W-boson field as,
giving us the relation,
Squaring the gauge boson curvature gives us the Lagrangian of the gauge bosons as,
The derivative of the Higgs field will be given by,
The square of the curvature, reparamatrised with constants N R , N B , N W , N G and N H is obtained as,
The bosonic action, upon evaluation of the heat kernel is obtained as,
To simplify the above action, we make a few substitutions, which are,
This transforms the bosonic action into,
It is important to keep in mind that higher order terms and the resulting non-trivial couplings can be neglected only on account of the magnitude of the energy scale. If the energy scale were below the required unification scale, these terms, that is, the heat kernel co-oefficients a 6 onwards cannot be neglected. This implies that at low unification scales, there are additional non-trivial couplings between the various bosonic fields.
Thus, we have managed to recover the complete Standard Model and Yang-Mills gravity Lagrangian purely from the information contained in our new metric geometry.
B. The Gravitational Standard Model Field Equations
Having derived the complete bosonic geometric action, we can now proceed to find the field equations for the particular case of the Standard Model. The field equations that we derive will have a very important physical interpretation. Just as the geodesic equation describes how the particles move under the influence of the various bosonic fields, the field equations will give us how the bosonic fields are related to, or are generated as a result of the spacetime curvature caused by these material particles.
The field equations are obtained by the application of Hamilton's principle. Thus, the field equations derived in this section will be of a purely classical nature, and will be incapable of describing how these fields behave under a quantum framework. By applying Hamilton's Principle, we obtain the following equation,
Upon taking the variation, we obtain the following field equation,
where we have set the energy-momentum tensor of matter T µν as,
and the Lagrangian L B is defined by,
To drive the field equation, we must now carry out the variation of the bosonic Lagrangian. The variation is obtained as,
The variations of the Riemannian and gauge boson Lagrangians are obtained as,
Now, we will proceed with the variation of the Higgs field. Since the Higgs potential is a scalar, it's variation vanishes. As a result, we only have the variation of the Higgs kinetic term. Thus, we obtain,
The above variation is clearly not symmetric. By symmetrising it, we obtain the symmetric tensor as,
The variation of the cosmological constant δ 0 vanishes on account of the fact that it is a constant value. The final field equation is then obtained as,
At the Riemannian limit, that is, when the spin connection of the manifold is the same as the Riemannian spin connection, the following limiting results hold true,
Thus, we see that we have recovered Alain Connes' theory by taking the Riemannian limit of our theory. Thus, it is clear that at the unification scale, when we consider the geometry to have a Riemannian nature, we will recover Alain Connes' theory at the limit. By neglecting Riemannian terms of order two and above, we can reduce even this to account only for the Einstein-Hilbert action and the Standard Model.
In order to fully work out the ramifications of this limiting case, we must consider the field equations as well and find the co-efficient of the Ricci scalar in the action in order for the theory to correctly account for Einstein's theory and reduce to Newton's theory correctly at the weak-field limit. The field equations will be obtained by once again applying Hamilton's principle, and will come out as,
where we have,
This field equation now describes how the Einstein tensor is related to the total energymomentum of other fields. For the above field equation to be true, we must have that,
This gives us the unification energy scale, in the case that we must have general relativity as the Riemannian approximation as,
With this final result, the development of the theory of geometrodynamics in non commutative spaces is, as a logical system complete. the development of a metric geometry to describe fundamental interactions renders the use of co-ordinates a purely mathematical artifice, which while implemented in case of the purely gravitational field in case of general relativity, can now be extended to the total field as well. This allows us to have the freedom to choose specific co-ordinate systems which will allow the vanishing of these fields, which allows for us to consider the dynamics of these fields, at this point, in this mathematical framework, purely geometric phenomena.
